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INTRODUCTION
A great deal of work has alread y been done in
invest igating analyt ically the behavi our of Roots
Blower machin es in order to obtain a better understandin g of their mode of operat ion and assess means
of improv ing perform ance in operat ing condit ions.
The work describ ed here is part of a continu ing
programme of such invest igation s.
Firstly described is an extens ion to the "chara cterist ic equation" approa ch given in ref.l.
This paper also
describ es the mode of operat ion of the Roots Blower ,
and its perform ance both as a single stage machin e
and as a multis taged unit.
The advant ages of mult'stagin g arise partic ularly from the fall of efficiency of a single stage Roots Machine as the pressure ratio across it is increa sed, and also the inherent restric tion of the design to relativ ely
modest delive ry pressu res.
Using m9re than one
machin e thus enable s one to genera te with improv ed
efficie ncy pressu res of which a single stage machin e
is just capabl e, or to enable pressu res to be obtained which would otherw ise be beyond the range of
a single stage machin e; an additio nal practi cal
bonus lies in the reduct ion of loadin g on the timing
gears which can arise if the pressu re rise across a
single machin e is reduce d.
By way of exampl e of
what might be expect ed, it is consid ered feasib le
that a compe titive 3 stage Roots Machine could be
devised for a pressu re ratio of around 6:1 to provide a conven ient worksh op supply at about 90 psi.
This arrange ment would have the additio nal advant age
of being clean and elimin ate the need for filters to
remove traces of oil contam ination from the compresso r.
Such a system is to be analys ed in due
course by consid ering 2 pairs of 2 stage machin es
with the second stage of the first pair identi cal to
the first stage of the second pair, and will be
reporte d at some later date.
Here the analys es are
partic ularly applie d to 2 stage arrange ments.
The
equatio ns previo usly derive d by this method have
assume d each stage to be runnin g at the same speed,
and that the real leakag e areas of the machin e are
direct ly related to the machin e size,
Extens ions
to the analys is describ ed here allow for these condition s to be relaxe d, to give greate r freedom in
defini tion of the machin e condit ions.
The equations are also presen ted for a machin e operat ing
under motori ng condit ions.
Practi cal use if made
of a Roots machin e to motor for the purpos e of
meterin g gas, and whilst it is not usual to extrac t
power from this situati on, the behavi our of such a
machin e may now be invest igated .
These equatio ns
are also used in the 2 stage analys is for the situation where the second stage motors .
Furthe r benefi ts may be achiev ed from multis taging
beyond those describ ed above.
Firstly interco oling
may be allowe d betwee n the stages , and such a
possib ility is include d in the charac teristi c equa-
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tion analys is.
An altern ative is to close-c ouple
the stages to reduce to a minimum the size of the
intervo lume trappe d betwee n the stages .
This is
of benefi t to the machin e becaus e of the change s in
size of the trappe d volume during parts of the
machin e cycle givin-g rise to some isentro pic compressio ns within the cycle and resulti ng improve ment
in efficie ncy,
In this part of the paper, use is
made of the equatio ns develop ed previo usly for the
geomet ry of the rotors (ref.2) and as a first
approx imation only an ideal arrange ment with leakless machin es is consid ered.
NOTATION
A

a
B

s

c
F
M
m

N

e
</>

Leakag e area
Acoust ic veloci ty
Ratio of swept vols as of first to second
stage
Ratio of shaft speeds as of second to first
stage
Swept vol/re v (= 4 x val of a cell betwee n
rotor and casing )
Leakag e area factor
Mass flow rate
Mass
Non-di mensio nal speed
(nc/Aa)
Shaft speed
Gas consta nt
Static temper ature
Volume
Work input per unit mass of gas
Ratio of specif ic heats (= 7/5 for air)
Interco oler effecti veness
Isentro pic efficie ncy
Volum etric efficie ncy
Overal l pressu re ratio referre d to intake
pressu re
Stage pressu re ratio
Flow functio n of 6

Suffix es
1,2
L
B
.M

Stage quanti ties
Leakag e
Blowi~g condit ion
Motori ng conditi on·

THEORETICAL MODELS EQR CRARACTERISTIC EQUATION
The theore tical model used here was propos ed by Cole,
Groves and Imrie (ref.l) and is shown in fig.l.
In the model the actual leakag e paths around the
rotor tips, end faces, and betwee n the rotors themselves are replace d by a nozzle extern al to the -·
machin e.
Perfec t sealing is now assume d within the
machin e.
The cross section al area of the nozzle
is initia lly taken to be equal to the total leakag e
area within the real machin e, and flow throug h the

It has been fo"Wld that
nozzle assumed :isentropic,
these assumptions overestimate the flow to some
deg~e~, but a suitable correction can be made by an
e~plrlcal factor to give close agreement of the predlcted performance with measured over a vide range
In this paper such a coefficient
of conditions.
will be assumed to have been allowed for within the
The
determination of the value of nozzle area.
principal assumptions of the analysis are as
follovs:1) The working fluid is a perfect gas
2) All processes are adiabatic
3) Mixing processes proceed instantaneously to
homogeneous equilibrium
4) The leakage flow is considered isentropic to
the throat of an equivalent area convergent nozzle.
The subsequent throttling and mixing processes pro(Shaft leakage
duce a ~ise of intake temperature.
to outslde the machine is ignored for present purposes).
5).The delivery space acts as an infinite
receiver
6) Negligible wave motion effects

Also necessary for a complete solution are the
following equations:
nv3- 2nv2 + nv(l- ~) - ~.Y ~ 1.(8- 1) = 0 , , (3)
N2

where E = 2 ~ 2 82
y. B.

w
:RT"""
o

~is part of the analysis, in addition to the

previous assumptions, it is assumed that the interstage vol~e, whether cooled or not, is 'large'
compared Wlth the stage volumes, and creates no
Previous analyses of the 2 stage
pressure loss.
system have depended upon equal stage speeds and
complete geometric similarity between the stages.
These conditions are here relaxed by the introduction of factors Sand F, where S is defined as
the ratio of second stage shaft speed to first and
'
·
F is defined by the condition

Al
A

In t~e.case of a machine operating under motoring
condltlons, providing the definitions of the
variables are strictly adhered to the performance
The volumetric
equations remain unchanged.
efficiency of the machine will, however, become
greater than "Wlity signifying that a greater volume
of gas is passing through the machine than would be
The
the case if it were completely leakless.
characteristic equation, however, will appear in
simplified form because the mixing now occurs on
the delivery side of the machine (Appendix 1}.

ll

~:~J 2 = ~ ~~e nvr [ 1 + ~v, y ~ 1

N2

. . • ( 4)

nv

APPLICATION OF CHARACTERISTIC EQUATIONS TO TWO STAGE
SYSTEM

Using these assumptions the equations describing the
_machine performance may be derived and are given in
ref .1.

The characteristic equations of the machine are
thus as follows:
1) For a blowing condition:

1
= - · (e - 1)

2

= B~

(5)

F

such that putting F = 1 reverts to the complete
A further extengeometric similarity condition.
sion arises from keeping the equations in general
form such that allowance may be made in the comManipulaputing for the leakage to become choked.
tion of the equations applied to each stage yield
the following results:

+ n
c

(6)
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(e • (1)

•
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For both stages blowing

+

or

~B

....L. 1...:...1:.. (8
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For second stage motoring
(2)

1 ,Y - 1
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nvl
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For the limiting case where
stage is blowing:

1

8 f>

Y

1 -

1~

• • • (9)

'[_g__JY+l
e 0 +
y

or

-l)]

• • • ( 8)

2) For a motoring condition:

where

2

l__g_JY-1
LY +1
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e1

= 1 and the second

+

l
(a -1)1(1 - n )
n · Y-1.
Y
1
c
vl

• • • (11)

wl
1
= - (8 - 1)
RT0
~l
l

-

. • • (12)

• • • (13)

• • • (14)
The soluti on of these equati ons on a digita l computer may be approa ched from two viewp oints.
Firstl y given operat ing condit ions may be taken by
specif ying the param eters G)
and n and machin e
.condi tions by N S and F.
For a gi~en first stage
1
pressu re ratio the soluti on is obtain ed thus.
The
first stage volum etric effici ency is obtain ed by
numer ical means from equati on (3), choosi ng the
appro priate root if more than one should lie within
the range search ed.
Simult aneous spluti on of
equati ons (11) and (8) (or (11) and (9)) will yield
nv 2 and N2 •
B is obtain ed from equati on (6) and
the specif ic work for each stage and the total from
equati ons (12)-( 14).
Overa ll effici ency may thus
now be derive d.
Hence this method of soluti on
gives the sizes of a pair of machin es that would
be
requir ed for a given set of operat ing condit ions
and the perfor mance which could be expect ed from
them.
A variat ion could be used to prefix the
size ratio B and hence determ ine the releva nt speed
ratio S.
A sample set of compu ted result s is
shown in fig.2.
The initia l result s of this type
of analy sis showed that with S and F equal to unity,
the optimum effici ency was given closel y by the
condit ion a1 = ~.
However by varyin g S and F
it is seen that this condi tion does not always hold.
The altern ative approa ch is to consid er the performan ce that might be expect ed from a pair of
machin es over their whole workin g range.
In this
case the machin es are define d (non-d imens ionally )
by settin g values to the param eters N , B, S, F and
1
nc and the soluti on obtain ed for a given
range of
values of 81 by evalua ting nvt as previo usly,
evalua ting llv2 from equati on 6), subseq uently
solvin g for N2 and e from equati ons (ll) and (8)
2
(or (ll) and (9)) and again obtain ing the values
of
specif ic work and hence isentr opic effici ency
throug h equati ons (12)-( 14).
A sample set of
result s of these calcul ations is given in fig.3.
Eleme ntary checks on these progra ms may be carrie
d
out by allowi ng N1 to become large, simula ting the
ideal condit ions of zero leakag e area in the first
stage machin e.
Under these condit ions the first
stage volum etric effici ency approa ches unity and
the result ing values derive d approa ch the value
obtain able from simpl ified expres sions.
In the
second approa ch, at certai n values of e the second
1
stage will motor , and as 81 is reduce d eventu ally
the overa ll pressu re ratio will fall to below unity.
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Furthe r reduct ions in 8 will eventu ally cause the
1
compu ter progra m to give
an error messag e when the
work done by the first stage falls below unity as
no allowa nce has been made for the first stage to
motor.
In the progra m so far develo ped, the limits
impose d on e1 and 8 2 have been norma lly set at 2
as
this is about the practi cal limit of most machi nes,
However, trial runs have been made with 82 allowe
d
to reach 20, and there does not appear from this
to
be an upper limit to the mathe matica l soluti on of
the equati ons,
Furthe r possib le invest igatio ns arise from these
soluti ons.
By adjust ment of the value of N1,
allowa nce may be made for the variat ion of the
leakag e area in the first stage machin es.
The
second stage leakag e area is then contro lled by F
in equati on (5) and may either be restri cted to its
standa rd value or simult aneou sly (or indepe ndentl
y)
allowe d to vary.
Hence it may be predic ted what
possib le variat ions are likely to arise due to the
variat ion in "stand ard" machin es due to the effect
of norma l machin ing tolera nces on the leakag e
areas of the machin es. .. Also consid eratio n may be
given to a pair of machin es used in applic ations
demanding varyin g operat ing condi tions.
In such a
case it may be that benef its in effici ency can be
obtain ed by suitab le variat ion of the speed ratio
betwee n the stages .
In such a case a suitab le
contro l system chara cteris tic could be devise d such
that whatev er the delive ry pressu re the relati ve
speeds of the machin es are chosen to give optimum
economy at all times.

CLOSE-COUPLED TWO-STAGE ARRANGEMENT
Under condit ions where it is not practi cable to provide suitab le interc ooling betwee n the stages in
a
2 stage arrang ement , some benef its are obtain able
by
mount ing the machin es in such a way that the intervolume betwee n them is kept to the smalle st possib
le
size,
There comes a time betwee n the transf er of ·.
an amount of gas in the first and second stages
when the volume trappe d betwee n the stages underg
oes
cpange s in size and hence the gas underg oes an
amount of isentr opic compr ession .
However, the
amount of this compr ession achiev ed depend s upon
the
relati ve phasin g of the rotors , and also on the
geome try of the machi nes, partic ularly the size of
the first stage delive ry port and the second stage
inlet port.
In this analy sis, ideal machin es have
been used as a first approx imatio n, having zero
cleara nces betwee n rotor and casing and unit volumetric effici encie s.
The deriva tion of the equations govern ing the system is given in Appen dix 2
and leads to the follow ing govern ing equati ons,
with notati on as in fig.4.
define
. . • (15)

+ vl]
Y = :
0

IDvl + vi + v t I

• • • (16)

For -45 < B < 0 define

X= v~ ~vt
Y =

v~ ~(vo

+ vi + v o + v

1]

+ vl) +vi + vt

(17)

J

(18)

whence

CONCLUSIONS

= _ _ _ _ _..::1_ _ ___,...,.
(1 +

n.

. . • (19)

Y)[~: ~r- y[~r

Y-1·]
[ ttl -.. -y--1.
=

:t.s

----:-:-~~-:~-------

D t;, [1 + l...:._!(
•

y

IB It;, - 1 )] - 1

• • • (21}
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To obtain optimum conditions equation (20) may be
differentiated against D to give conditions
governing minimum power expenditure, viz
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This paper extends the means available for predicting and examining the operation of a pair of
Roots Blowers.
In the case of the characteristic
equation approach, new methods are available for
assessing the effects of different stage speeds and
leakage areas, and will make it possible for easier
optimisation of new designs and improvement of
existing arrangements.
Where i-~tercooling is not
possible, enhanced efficiency by means of close
coupling gives a way of making some small saving in
power consumption •

. . (22)

This condition has been used throughout the calculations.
Because of the accuracy required in solving these
equations where small differences of large numbers
are involved, a computer was used.
Equations
giving the s~zes of the volumes involved for a
typical pair of commercially available machines were
taken from ref.2.
The solutions have been obtained
for
varying size of intervolume although it is
considered that a size equal to one first stage cell
vol~e would be about the smallest practical limit
that could be achieved (fig.5).
The results for
varying rotor phasing are given in fig.6.
The discont-inuity which arises at S = 0 is caused by the
additional interaction of a second stage cell volume.
A further investigation was that of altering the
port sizes to note the effect of a delay in the
communication of the first stage cell volume with
the interstage volume (fig.T).
In this case considerations of a flow restriction through a port of
reduced size do not arise since it is found that
maximum efficiency is obtained with maximum port
size that can be accommodated within a particular
geometry.

a

It has been found (ref.l) that with this arrangement
certain undefined gas dynamic effects within the
intervolume cause deviations from the expected
figures in an actual machine.
It would be prudent
therefore :f such an arrangement were to be considered that some tests be carried out during the
commissioning to ensure that the optimum arrangement
had been achieved.
Actual power savings with this system would appear
to be small.
However, if a situation arose where
a 2 stage machine was required without intercooling
being available between the stages, then the benefits that might be obtained suggest this system
should be considered.
Further, in situations where
the gas is not particularly required to be in a dry
state, some cooling might be effected by means of
water spray injection either at the inlet or between
the stages, and again the benefits obtainable from
this geometry might be advantageous.

This work forms part of a research programme undertaken by Leeds University on behalf of Messrs. W.C.
Holmes & Co. Ltd. of Huddersfield, U.K. whose
support is gratefully acknowledged by the authors.
APPENDIX 1
Derivation of characteristic equation for Roots
Motor
The theoretical model is as shown in fig.l, but with
the leakage taking place forward from the high pressure (inlet) to low pressure (delivery) sides.
The
states of the gas are denoted by suffix 0 at inlet,l
immediately downstream of the bloweF at plane B, ·and
2 at delivery after mixing with leakage flow.
In this model the leakage mass flow rate is denoted
by ML, or mt per unit mass entering the system.
M
represents actual inlet mass flow to the system as a
whole.
As for the Roots blower, it may be verified
that the leakage mass flow is given by, under the
assumptions given in the text,
~

= mt,M

= AE

poJ[R.
RT ~M

(23)

0

2

where

~M

Y+l] ~

=~eY-er_
[
l

Y-1~
2
y
(Y+l)
Y"+l for 6

~

The volume flow rate through the machine :t.s g:t.ven by
•• (24)

where n is defined by (Actual volume throughput)/
(Ideal ~olume throughput in leakless machine) and is
in this case >- 1.
If unit mass be supposed induced in r revolutions,
then the volume of air passing through the blower
proper is given by

v1 = Cr =
Hence

(l - mt)V

0

• . . (25)

~rom

(24) and (25)
m ,.1_.1..
t
nv

. (26)

Since unit mass is delivered in r revolutions, and
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actual mass flow rate is M at speed n

M=E.

(27)

r

Using equation s (24), (25) and (271
Tl p
Yg.Cn P 'lv
v
0
M = Cn RT0 =
2
ao
0

(28)

Combining equation (28) with (23) and using (26)
leads to

(l

_ _1_)ygCnP 0 nv _A
~g.
n
a
- E Po RT ~M
v

0

• • • (29)

0

which may be manipula ted to yield the equation ( 2).
APPENDIX 2
Analysis of Close-Co upled 2 stage system
The notation for this analysis is given in fig.4.
It is assumed througho ut that each stage has equal
diameter ports, the blowers are assumed geometric aDW
similar, and for the purposes of the calculat ions
involute rotor profiles having minimum pressure
angles have been consider ed.
For the advanced system with relative rotor phasing
such that 0 ~ e ~ 45°, the cycle events for a simple
first stage cell volume are with X and Y defined by
equation s (15) and (16).
1) Inductio n and carry round in first stage v at
0
Po' To
2) Communi cation and adiabati c mixing of cell volume
with intervolu me (Dv + vi + vt) at P , T to give
1
2
2
(Dv +vi+ v + vt) at P , T whence
1
0
1
1
P0 v + P2 (nv +vi + vt)
0
1
(30)
Dv1 + vi + vt + v
0
3) Isentrop ic compress ion 1 (Dv + vi + vt + v ) at
1
0
P1 , T to [_D(vt + v ) +vi + v ] at P , T whence
1
0
1
3
3
= p

J

P , T (ready for next communi cation) whence
2
2
p = p [Dvt + v.~ + vl y
p3 [
y
2
3 Dv1 + vi + vt

J

~]

(32)

6) Transfer in second stage and backflow compress ion
Dv at P , T to P4, T
0
3
4
3
In the case of a retarded system, an addition al
second stage cell volume is involved in the initial
communi cation.
Provided the definitio ns of X and Y
are modified as in equation s (17) and (18), the
analysis proceeds identica lly to the advanced case.
Eliminat ing P and P from equation s (30)-(32 ) yields
1
an expressi on2 for the
interstag e pressure ratio
(althoug h this is actually varying P , P , P
• .)
2
1
3
p3
1
.- - =
(33)
~ - p
y
y = constant .
o
(l + y)(D + X) _ y(X)
1 + y
y
By applying the principl e of conserva tion of mass in
the stages, evaluati ng the isentrop ic temperat ure
rises during the compress ions and applying the
expressi on for temperat ure rise in a Roots Blower to
the second stage, it may be shown that:
y --1( ®
+ - - 1)~y
I;

• (34)

Finally equating the work input per unit mass to the
change of enthalpy from states 0 - 4, and using
expressi on (34) yields the specific work for the
machine as given in equation (20).
APPENDIX 3

Referenc es
1. Cole, B.N., Groves, J.F. and Imrie, B.W.
Performa nce Charact eristics of Roots Blower
Systems
Proc.I.M ech.E. 184 Ft 3R 1969-70
2. McDougald, S.
An Investig ation of the Charact eristics of the
Roots Blower
Ph.D. Thesis, Universi ty of Leeds, U.K., 1971

J

rnvl + vi + vt + vo
y = p [1 + y y (31)
P3
1 L?vt + Dv + vi + v
1 D+ X
0
1
4) Cut off by second stage Dv
o at P3' T3
5) Isentrop ic compress ion 2 in intervolu me,
(Dvt + vi + v ) at P , T
1
3
3 to (Dv + vi + vt) at
1

Ztra
cle:aranct

!
Running
clroroncr

Po To

a Physical systom

b Had•l systom

FIG 1. Physical and Model Systems of Roots Blower
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Equival.ot
I< akaqe

nozzlii!

-A£

91
1.6000
1. 7000
1.7321
1. 8000
1.8929

Tlvl

f1v2

B

N2

Specific
work

2.301
0.6040
2,179
0.6999
2.142
0.7320
2.069
0.8025
1.977
0.9046
Fig 2:
Sample evaluations of blower sizes and performance for F
and H = 3.
91

1.1000
1-1500
1.2000
1.4000
1.6000
1. 8000
2.0000
Fig 3:

0.7487
0.7244
o. 7167
0.7006
0.6788

82

0.3985
0.4251
0.4333
0.4504
0.4731

nv1

Failed - No rts of X2
0.8821
0.6932
0.8680
0.8630
1.0004
0.8008
1.0689
0.7487
1.1871
0.7006
0.6531
1.3050

~

3.1229
2.8894
2.8340
2.7428
2.6678
1.5, s ~ 0.75,

nv2

N2

H

1.2940
1.2185
0.9874
0.8246
0.7016
0.6038

1.845
1.841
1.824
1.806
1.785
1. 763

0.7971
1.0416
1.4005
1-7103
2.1367
2.6100

nis
0.4133
0.4467
0.4554
0.4705
0.4838
nc = 0.75,N1 = 4
Specific
work
-0.0700
0.1216
0.4999
0.8897
1.4303
2.0916

nis.

0.3373
0.7074
0.6519
0. 5928
0.5277

Sample evaluations of performance obtainable with F= 1.5, s-= 0.75, nc-= 0.75, N1 -= 4, B-= 1.25.

TWO STAGE SYSTEM

SINGLE STAGE BLOWER

9=3
D-=0· 67S
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1· 0
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I NTERVOLUME ~TIO vi tvo (LOG. SCALE)
FIG 5.
Fl G 4. NOTATION FOR CLOSE-COUPLED

SYSTEM.
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EFFECT OF INTERVOLUME SIZE
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